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ON STABLE TRANSITIVITY OF FINITELY GENERATED GROUPS OF
VOLUME PRESERVING DIFFEOMORPHISMS
ZHIYUAN ZHANG
ABSTRACT. In this paper, we provide a new criterion for the stable transitivity
of volume preserving finite generated group on any compact Riemannian mani-
fold. As one of our applications, we generalised a result of Dolgopyat and Kriko-
rian in [8] and obtained stable transitivity for random rotations on the sphere in
any dimension. As another application, we showed that for ∞ ≥ r ≥ 2, any Cr
volume preserving partially hyperbolic diffeomorphism g on any compact Rie-
mannian manifold M having sufficiently Ho¨lder stable or unstable distribution,
for any sufficiently large integer K, for any ( fi)
K
i=1 in a C
1 open Cr dense subset of
Diffr(M,m)K, the group generated by g, f1, · · · , fK acts transitively.
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1. INTRODUCTION
Let (M, dM) be a smooth d−dimensional compact Riemannian manifold en-
dowed with the volume form µ given by the Riemannian metric. We denote by
Homeo(M) ( resp. Homeo(M, µ) ) the set of ( resp. volume preserving ) homeomor-
phisms of M. For any r ∈ R≥1
⋃
{∞}, we denote by Diffr(M) ( resp. Diffr(M, µ)
) the set of r−differentiable ( resp. volume preserving ) diffeomorphisms of M.
Given an integer m ≥ 2 and m diffeomorphisms f1, · · · , fm ∈ Diff
1(M), we are
interested in the dynamics of the iterations of these m diffeomorphisms.
Following the definitions in the previous literatures, we have the following.
DEFINITION 1. For any integer m ≥ 2, f1, · · · , fm ∈ Homeo(M), we say that
{ fi}
m
i=1 is an IFS (i.e. iterated function system). We say that { fi}
m
i=1 is transitive
or equivalently, the semigroup generated by { fi}
m
i=1 acts transitively if there exists a
point x ∈ M such that for any open setU ⊂ M, there exists an integer ℓ ≥ 1, and a
finite word ω = ω1ω2 · · ·ωℓ ∈ {1, · · · ,m}
ℓ such that fωℓ · · · fω1(x) ∈ U. If { fi}
m
i=1
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preserve a common invariant measure ν, we say that { fi}
m
i=1 is ergodicwith respect
to ν if any { fi}
m
i=1−invariant Borel set A ⊂ M has ν−measure 0 or 1.
Just as that any ergodic volume preserving homeomorphism on M is transitive,
any IFS { fi}
m
i=1 ⊂ Homeo(M, µ) is transitive if { fi}
m
i=1 is ergodic with respect to µ.
A general paradigm in the study of iterations of multiple diffeomorphisms is
that transitivity, or even ergodicity is fairly generic in the volume preserving set-
ting. This paper is an attempt to address this issue. We will mainly focus on
volume preserving IFS.
DEFINITION 2. For any 1 ≤ r ≤ s ≤ ∞, an IFS { fi}
m
i=1 ⊂ Diff
s(M, µ) is said to
be Cr−stably transitive ( resp. Cr−stably ergodic with respect to µ ) in Diffs(M, µ)
if any IFS {gi}
m
i=1 ⊂ Diff
s(M, µ) such that gi is sufficiently C
r−close to fi for all
1 ≤ i ≤ m is transitive ( resp. ergodic with respect to µ ).
Precise conjectures are formulated in [8], [10].
CONJECTURE 1 (in [8]). Let M be a compact Riemannian manifold and r be a suffciently
large number. Let m ≥ 2 be an integer. Then Cr−stable ergodicity is open and dense
among m−tuples of Cr volume preserving diffeomorphisms of M.
CONJECTURE 2 (in [10]). For any r ∈ N
⋃
{∞}, a Cr generic pair of volume-preserving
diffeomorphisms generates a transitive iterated function system.
It is straightforward to see that the transitivity ( resp. ergodicity ) of an IFS
is implied by the transitivity ( resp. ergodicity ) of one of the maps in the IFS.
The converse implication is however false : one can take two translations on T2,
defined by f1(x, y) = (x+ α, y), f2(x, y) = (x, y+ β), with α, β rationally indepen-
dent. Then both f1, f2 are not transitive, while their product f1 f2 is ergodic with
respect to the volume.
In both conjectures, we do not require the diffeomorphisms to be orientation
preserving. When M is a circle with Lebesgue measure, the above conjectures are
easy exercises. However, when M equals to any given surface, the above conjec-
tures already require considerable new ideas ( see [10] ). To the best of the author’s
knowledge, Conjecture 1 is open for any manifold of dimension at least 2, and
Conjecture 2 is open for any manifold of dimension at least 3.
In [8], the authors showed that any IFS { fi}
m
i=1 consisted of C
∞ volume preserv-
ing diffeomorphisms of the d−dimensional sphere Sd ( d ≥ 2 ) which are Cr close
to a set of topological generators of SOd+1 for r ≫ 1, can be simultanenously con-
jugate to rotations by a C∞−diffeomorphism, if there exists at least one stationary
measure for { fi}
m
i=1 with vanishing Lyapunov exponents. As a consequence, they
showed the following interesting stable ergodicity result.
Theorem 1 ( Corollary 2 in [8] ). If d ≥ 2 is even and R1, · · · , Rm topologically gen-
erate SOd+1, then the system {Ri}
m
i=1 is C
r−stably ergodic with respect to the volume in
Diff∞(Sd,Vol) for sufficiently large r ≥ 1. Namely, there exist r0 ≥ 1, ǫ > 0 such that
if for each 1 ≤ i ≤ m, fi ∈ Diff
∞(Sd,Vol) and dCr0 ( fi, Ri) < ǫ, then the IFS { fi}
m
i=1 is
ergodic with respect to the volume form.
Much is known about the topological generators of semisimple Lie groups, such
as SOd, d ≥ 3. For example, by [1], for any d ≥ 3, pairs generating SOd form an
open and dense subset of SO2d.
In [10], the authors proved Conjecture 2 for compact orientable surfaces.
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Theorem 2. Let r ∈ N
⋃
{∞}, and let S be a compact orientable surface with a smooth
volume form µ. There is a residual set R ⊂ Diffr(S, µ)×Diffr(S, µ) in the product Cr
topology such that if ( f , g) ∈ R then the IFS { f , g} is transitive.
Compared to Theorem 1, the proof of Theorem 2 is mostly by topological ar-
guments. So far Conjecture 1, namely the density of stable ergodicity, is still un-
known for surface diffemorphisms. We mention another line of research which
focus on the classification of ergodic stationary measures for random dynamics.
A recent breakthrough in this direction is obtained by Brown-Rodriguez Hertz in
[5], for random dynamics of C2 surface diffeomorphisms.
Besides its intrinsic interest, one can find applications of IFS based arguments
in the study of the stable ergodicity conjecture for partially hyperbolic systems,
and the instability problem in Hamiltonian systems. We refer the readers to the
discussions in [2, 8, 10, 12].
The problem of C1 generic transitivity is known even for a single diffeomor-
phism. More precisely, Bonatti and Crovisier in [4] showed that a C1 generic con-
servative diffeomorphism ( in any dimension) is transitive. The analogous state-
ment is false for Cr with sufficiently large r by KAM theory. This indicates that
the validity of the above conjectures would necessarily rely on features specific to
multiple diffeomorphisms.
In this paper, we provide a criterion of transitivity ( Propositions 2 ) for multiple
diffeomorphisms. As one application, we partially generalise the result in [8] to
any dimension and obtain the following.
Theorem 3. Given an integer d ≥ 2, there exists a number r0 > 1 such that for any
integer m ≥ 2, for any set of rotations R1, · · · , Rm in SOd+1 such that R1, · · · , Rm
topologically generate SOd+1, there exists ǫ > 0 such that any { fi}
m
i=1 ⊂ Diff
∞(Sd,Vol)
with maxi dCr0 (Ri, fi) < ǫ, any closed { fi}
m
i=1−invariant set has zero or total Lebesgue
measure. In particular, the IFS { fi}
m
i=1 is transitive.
The proof of Theorem 3 is built upon the works in [8]. The main technical re-
sult in [8] is a dichotomy, which asserts that under the condition of Theorem 3,
either one can linearise the dynamics to rigid rotations, or there is a “uniform
splitting ”for the associated random dynamics ( the formal definition is in Defi-
nition 8). A similar dichotomy was obtain by Avila-Viana [3] for “smooth cocy-
cles ”over hyperbolic homeomorphisms, such as the shift map on {1, · · · ,m}Z
( see Example 2.1 in [3] ). As an application of the main result in [3], any IFS
{ fi}
m
i=1 ⊂ Diff
1(M), volume preserving or not, has vanishing Lyapunov expo-
nents for a stationary measure only if such stationary measure is a common invari-
ant measure for { fi}
m
i=1. However the presence of positive Lyapunov exponents
does not in general imply the existence of a uniform splitting, such as the one de-
fined in this paper. In the case of Theorem 3, such uniform splitting is obtained as
a consequence of the “rapidly mixing ”of the joint actions of random rotations on
Sd, d ≥ 2. We refer the readers to [8] Section 4 and [7] for more on rapidly mixing
dynamics.
In [8], the authors exploited the above uniform splitting in even dimensions, in
which case there is no zero Lyapunov exponent. By using a Hopf-type argument,
they conclude ergodicity. While in odd dimensions, the possibility of having a
zero Lyapunov exponent prevented the use of such Hopf-type argument. The
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main technical result in our paper shows that such a uniform splitting ( regardless
of the dimension ) always imply transitivity.
We note that our criterion is C1−robust in the presence of some additional struc-
ture called uniformly dominated splitting ( Definition 5 ). As an application, we
verify a weaker version of Conjecture 2 in certain subspaces of tuples of multiple
diffeomorphisms.
Theorem 4. Let M be a compact Riemannian manifold of dimension d ≥ 2 with vol-
ume form µ induced by the metric. Let r ∈ R≥2
⋃
{∞}, and θ ∈ ( dd+1 , 1). Let g ∈
Diffr(M, µ) be a diffeomorphism admitting a uniformly dominated splitting TM = E1 ⊕
E2 ( Definition 5 ) such that either E1 or E2 is θ−Ho¨lder ( in particular for any volume
preserving partially hyperbolic system g with θ−Ho¨lder stable or unstable distribution
). Then for all sufficiently large integer L, for any L−tuple ( f1, · · · , fL) in a C
1 open
Cr dense subset of Diffr(M, µ)L, the IFS {g, f1, · · · , fL} is transitive. Moreover, any
{g, f1, · · · , fL}−invariant closed set has zero or total volume.
We note that in Theorem 4, we fix the map g and consider a generic L−tuple
( f1, · · · , fL). However, if the splitting in Theorem 4, TM = E1 ⊕ E2, is strongly
pinched ( see Definition 7 ), the condition in Theorem 4 for g is preserved under C1
small perturbation. For the formal statement, see Corollary A.
Theorem 4 is consistent with Pugh-Shub’s stable ergodicity conjecture which
asserts that ergodicity holds in a C2 open and dense subset of the space of C2
volume preserving partially hyperbolic diffeomorphisms. In fact, the validity of
stable ergodicity conjecture would imply Theorem 4 for r = 2 and K = 1, even
without the Ho¨lder condition.
In both Theorem 3, 4, we can conclude, in loose terms, “topological ”ergodicity,
where we replace the measurable sets in the definition of ergodicity by closed sets.
Unfortunately, this extra requirement is indispensable for our method. That is
why we fall short of proving ergodicity. Our results would imply ergodicity if we
know that any ergodic invariant measure has open basin. However, this seems
to be difficult to check under generic conditions. For dissipative systems, one can
sometimes conclude ergodicity through studying the topological properties of the
basins of ergodic measures. We refer the readers to [6] for a stable ergodicity result
using similar ideas.
1.1. Plan of the paper. In Section 2, we introduce basic notations and results
needed for later sections. In this section the main tool is Theorem 5 that estab-
lishs properties of Lyapunov exponents for random dynamics. Section 3 contains
our main technical result. We introduce a certain uniform splitting for random
dynamics defined in Subsection 3.1 and state our main criterion Proposition 2. We
give a uniform lower bound for the stablemanifolds in Subsection 3.2, then in Sub-
section 3.3 we relate transitivity to this lower bound. In Section 4 we show how to
check the conditions in our criterion. We prove our main theorems in Section 5.
Acknowledgement. I thankArturAvila for his encouragement. I also thank Raphae¨l
Krikorian for useful conversations and especially for explaining to me some of the
ideas in [8]. I thank Meysam Nassiri for useful conversations and providing re-
lated references. I thank Danijela Damjanovic for related discussions. I thank the
anonymous referees for many helpful suggestions that greatly improve the pre-
sentation of the paper.
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2. PRELIMINARY
In this section, we will recall some basic notions and results in the study of the
dynamics of multiple diffeomorphisms which are relevant to our results.
2.1. Random dynamics. Given a compact Riemannianmanifold (M, dM) endowed
with volume form µ induced by the Riemannian metric, an integer m ≥ 2 and an
IFS { fi}
m
i=1 ⊂ Diff
1(M). Let Ω = {1, · · · ,m}Z and denote by P the Bernoulli
distribution on Ω with uniform distribution on {1, · · · ,m}, i.e.
P(ω|ω−n = ζ−n, · · · ,ωn = ζn) = m
−2n−1, ∀n ∈ N, (ζ−n, · · · , ζn) ∈ {1, · · · ,m}
2n+1.
To simply the notations, for any function ϕ ∈ L1(Ω, dP), we denote by E(ϕ) =∫
ϕ(ω)dP(ω).
For any n ≥ 1, any ω = (ωi)i∈Z ∈ Ω, we set
f nω = fωn−1 · · · fω0 .
More generally, for any integer k ∈ Z, j ∈ N, we set
f
k,k+j
ω = fωk+j−1 · · · fωk ,
f
k,k−j
ω = f
−1
ωk−j
· · · f−1ωk−1.
Denote the shift map on Ω by
T0 : Ω → Ω
(T0(ω))n = ωn+1,
and the suspension map on Ω×M by
T : Ω×M → Ω×M
T(ω, x) = (T0(ω), fω0(x)).
In the following, we will focus on the case where { fi} preserve the volume form
µ. In this case, it is clear that the measure P× µ is T−invariant.
Similar to the study of deterministic dynamics i.e. iterations of a single diffeo-
morphism, we can also define Lyapunov exponents for random dynamics. Both
the statement and the proof of the following theorem is similar to that of the well-
known Oseledec’s theorem.
Theorem 5. ( Chapter I, Theorem 3.2 in [11] ) Given f1, · · · , fm ∈ Diff
1(M, µ). There
exists a measurable set Λ0 ⊂ Ω×M with (P× µ)(Λ0) = 1, T(Λ0) = Λ0 such that :
(1) For every (ω, x) ∈ Λ0 there exists a decomposition of TxM
TxM = V
(1)(ω, x)⊕ · · · ⊕V(γ(x))(ω, x)
and numbers
−∞ < λ(1)(x) < λ(2)(x) < · · · < λ(γ(x))(x) < +∞
which depend only on x, such that
lim
n→∞
1
n
log ‖D f nω(x, ξ)‖ = λ
(i)(x)
for all ξ ∈ V(i)(ω, x) \ {0}, 1 ≤ i ≤ γ(x). Moreover, γ(x), λ(i)(x) and
V(i)(ω, x) depend measurably on (ω, x) ∈ Λ0 and
γ( fω0(x)) = γ(x), λ
(i)( fω0(x)) = λ
(i)(x),D fω0V
(i)(ω, x) = V(i)(T(ω, x))
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for each (ω, x) ∈ Λ0, 1 ≤ i ≤ γ(x).
(2) For each (ω, x) ∈ Λ0, if {ξ1, · · · , ξd} is a basis of TxM which satisfies that for
each i = 1, · · · , γ(x) there are exactly dimV(i) many indexes j satisfying
lim
n→+∞
1
n
log ‖D f nω(x, ξ j)‖ = λ
(i)(x),(2.1)
then for every two non-empty disjoint subsets P,Q ⊂ {1, · · · , d} we have
lim
n→+∞
1
n
log |∠(D f nωEP,D f
n
ωEQ)| = 0(2.2)
where EP and EQ denote the subspaces of TxM spanned by the vectors {ξi}i∈P
and {ξi}i∈Q respectively.
REMARK 1. In Theorem 3.2 [11], the author considered the non-invertible map defined on
{1, · · · ,m}N ×M and got a filtration of subspaces. Here we consider an invertible map
and get a splitting.
We call the numbers λ(1)(x), · · · , λ(γ(x))(x) the Lyapunov exponents at x.
Now we recall some facts about stable and unstable manifolds of random dy-
namical systems. We follow the presentations in [8]. More detailed informations
can be found in [11], Chapter III.
Given f1, · · · , fm ∈ Diff
1+ǫ(M, µ) for some ǫ > 0, for each (ω, x) ∈ Ω×M, we
define
W sω(x) = {y|d( f
n
ω(x), f
n
ω(y))→ 0 exponentially fast, n→ ∞}.
Let ̺in be the injectivity radius of M. We define
W sω,loc(x) = {y ∈ W
s
ω(x)|d( f
n
ω(x), f
n
ω(y)) < ̺in/2, ∀n ≥ 0}.
For (P × µ) − a.e.(ω, x) such that the Lyapunov exponents defined at (ω, x) are
not all zero,W sω(x) are C
1−manifolds. We callW sω(x) ( resp. W
s
ω,loc(x)) the stable
manifold (resp. local stable manifold ) associated to (ω, x). Similarly we can define
unstable manifolds for (P × µ) − a.e.(ω, x), denoted by Wuω(x), by considering
n tends to −∞. Endow W sω(x) with the induced Remannian distance, and for
any l > 0 we denote by W sω(x, l) the l−ball in W
s
ω(x). We shall use the absolute
continuity of the laminationW sω ( for P− a.e.ω). More precisely, we have :
(AC) For almost allω the following holds. For any integer 1 ≤ k ≤ d, let Γk ⊂ M
denote
Γk = {x|(ω, x) ∈ Λ0, ∃1 ≤ i < d such that λ
(i)(x) < 0 ≤ λ(i+1)(x) and
dim(V(1)(x)⊕ · · · ⊕V(i)(x)) = k}.(2.3)
Then for any ε > 0 there exists a closed set K ⊂ Γk, ̺ > 0 such that µ(Γk \ K) <
ε, and W sω(x, ̺) is a k−dimensional submanifold for any x ∈ K, and depends
continuously on x ∈ K.
Let V1,V2 be two open submanifolds of dimension d − k which are uniformly
transverse to the lamination {W sω(x, ̺)}x∈K. Assume that V1,V2 are small enough
so thatW sω(x, ̺)
⋂
Vi contains at most one point for any i = 1, 2, x ∈ K. Let
U = {x ∈ V1|W
s
ω,̺(x) transversally intersects V2 at a unique point}.
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When V1,V2 are sufficiently close, U is nonempty. In this case, the holonomy map
along the stable leaves p : U → V2 is defined as
p(x) = the unique intersection betweenW sω(x, ̺) and V2, ∀x ∈ U .
Any such p is absolutely continuous in the sense that for any A ⊂ U withVolU (A) =
0, we have VolV2(p(A)) = 0. Here VolU and VolV2 are respectively the volumes on
U and V2.
2.2. Dominated splitting and pinching condition.
DEFINITION 3. For any integer 1 ≤ ℓ ≤ d− 1, we denote byGr(M, ℓ) the ℓ−subspace
Grassmannian bundle over M. For each x ∈ M, the fibre Gr(M, ℓ)x is isomorphic to
Gr(TxM, ℓ), the Grassmannian of ℓ−subspaces of TxM.
We denote pℓ : Gr(M, ℓ)→ M the canonical projection. An element of Gr(M, ℓ)
will be denoted by (x, E) for some x ∈ M and E ∈ Gr(TxM, ℓ). We fix an arbitrary
smooth Riemannian metric on Gr(M, ℓ).
For any (x, E) ∈ Gr(M, ℓ), the tangent space of Gr(M, ℓ) at (x, E) can be identi-
fied with
T(x,E)Gr(M, ℓ) = {(v, φ)|v ∈ TxM, φ ∈ L(E, TxM
/
E)}.
Let f : M → M be a Cr diffeomorphism for some r ≥ 1. We denote by G( f ) :
Gr(M, ℓ) → Gr(M, ℓ) the lift of f : M → M to the fiber bundle Gr(M, ℓ), where
for any (x, E) ∈ Gr(M, ℓ),
G( f )(x, E) = ( f (x),D f (x, E)).
It is direct to see that G( f ) is Cr−1.
DEFINITION 4. Let r ≥ 1 be fixed, as well as an integer 1 ≤ ℓ ≤ d − 1 and a
Cr vector field V on M. Let ΨV : M × R → M be the flow generated by V, i.e.
∂tΨV(x, t) = V(ΨV(x, t)) for all (x, t) ∈ M×R. Define G(ΨV) by
G(ΨV) : Gr(M, ℓ)×R → Gr(M, ℓ)
(x, E, t) 7→ G(ΨV(·, t))(x, E).
Then G(ΨV) is a flow generated by a C
r−1 vector field on Gr(M, ℓ), denoted by
G(V). Here G(V) is defined as follows. For each (x, E) ∈ Gr(M, ℓ),
G(V)(x, E) = (V(x), φ),(2.4)
where φ ∈ L(E, TxM
/
E) is given by
φ(u) = DV(x, u) + E, ∀u ∈ E.(2.5)
We will briefly denote G(V)(x, E) by
G(V)(x, E) = (V(x),DV(x, ·|E)).(2.6)
DEFINITION 5. A C1 diffeomorphism f : M → M has a non-trivial uniformly dom-
inated splitting if the following conditions hold. There is a nontrivial continuous
splitting of the tangent bundle TM = E1 ⊕ E2 that is invariant under D f . Further-
more, there exist constants χ¯1 < χˆ1 such that
‖D f (x, v)‖ < eχ¯1‖v‖, ∀x ∈ M, v ∈ E1(x) \ {0},(2.7)
‖D f (x, u)‖ > eχˆ1‖u‖, ∀x ∈ M, u ∈ E2(x) \ {0}.(2.8)
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The above definition includes any partially hyperbolic diffeomorphism, de-
fined as follows.
DEFINITION 6. A C1 diffeomorphism f : M → M is partially hyperbolic if the fol-
lowing conditions hold. There is a nontrivial continuous splitting of the tangent
bundle TM = Es ⊕ Ec ⊕ Eu, that is invariant under D f . Furthermore, there exists
χ¯u, χ¯s > 0 and χ¯c, χˆc ∈ R such that
− χ¯s < χ¯c ≤ χˆc < χ¯u,(2.9)
and we have
‖D f (x, v)‖ < e−χ¯
s
‖v‖, ∀x ∈ M, v ∈ Es(x) \ {0},(2.10)
eχ¯
c
‖v‖ < ‖D f (x, v)‖ < eχˆ
c
‖v‖, ∀x ∈ M, v ∈ Ec(x) \ {0},(2.11)
eχ¯
u
‖v‖ < ‖D f (x, v)‖ , ∀x ∈ M, v ∈ Eu(x) \ {0}.(2.12)
It is clear that any partially hyperbolic diffeomorphisms has a non-trivial uni-
formly dominated splitting given by TM = Es ⊕ (Ec ⊕ Eu) ( or TM = Es ⊕ (Ec ⊕
Eu) ).
The lower bound for the Ho¨lder exponents of E1,E2 in Theorem 4will be used in
an essential way. In fact, for any C2 diffeomorphism f with a dominated splitting
TM = E1 ⊕ E2, both E1(x), E2(x) are Ho¨lder continuous in x. This follows from
Ho¨lder section theorem (3.8) in [9].
The following notion of pinching for diffeomorphisms with a dominated split-
ting allows us to verify numerically the needed Ho¨lder regularity in Theorem 4.
DEFINITION 7 ( Pinching for uniformly dominated splittings ). Let θ ∈ (0, 1). A
diffeomorphisms f : M → M having a non-trivial uniformly dominated splitting
TM = E1 ⊕ E2 is said to be θ−pinched if the following holds. There exist constants
(χ¯1, χˆ1) satisfying (2.7), (2.8) and χˆ
u, χˆs > 0 such that
e−χˆ
s
‖v‖ < ‖D f (x, v)‖ < eχˆ
u
‖v‖, ∀x ∈ M, v ∈ TxM \ {0},(2.13)
max(χˆu, χˆs)θ < χˆ1 − χ¯1.(2.14)
The pinching condition is commonly used in the study of partially hyperbolic
systems. For example, Theorem A in [14] says that θ−pinching implies that the
s, u−holonomy maps for a C2 partially hyperbolic diffeomorphism are θ−Ho¨lder.
Whatwe need from the pinching condition for dominated splitting is the following
much weaker statement that can be proved via the standard Ho¨lder section theo-
rem in [9]. We omit the proof of the following proposition for it is well-known, see
for example [9], chapter 3, (3.8).
PROPOSITION 1. Let r ≥ 2 , θ ∈ (0, 1). Let f : M→ M be a Cr diffeomorphism having
a θ−pinched uniformly dominated splitting TM = E1 ⊕ E2 with constants χ¯1, χˆ1, χˆ
s, χˆu
satisfying (2.7), (2.8), (2.13) and (2.14), then E1(x), E2(x) are θ−Ho¨lder functions of x.
The following is an immediate consequence of Proposition 1.
COROLLARY A. Theorem 4 applies to any dd+1−pinched C
r volume preserving partially
hyperbolic diffeomorphism.
STABLE TRANSITIVITY OF GROUP ACTIONS 9
Proof. Any dd+1−pinched partially hyperbolic diffeomorphism is also θ−pinched
for some θ ∈ ( dd+1 , 1) by Definition 7. Then our corollary follows immediately
from Proposition 1. 
3. FROM AVERAGED UNIFORM GROWTH TO METRIC TRANSITIVITY
From now on, we let (M, dM) be a smooth d−dimensional compact Riemannian
manifold endowed with the volume form µ given by the metric.
3.1. Averaged uniform growth. To simplify the notations, we introduce the fol-
lowing quantities.
NOTATION 1. Given an IFS { fi}
m
i=1 ⊂ Diff
1(M), an integer b ∈ [1, d− 1], for any
x ∈ M, any (d− b)−subspace E ⊂ TxM, any n ∈ N, we denote
C(x, E, n) = E(log sup
v∈U(E⊥)
‖PD f nω(x,E)⊥(D f
n
ω(x, v))‖),
D(x, E, n) = E(log inf
u∈U(E)
‖D f nω(x, u)‖).
Here for any linear subspace of TxM denoted by G, we defineU(G) to be the set of
unit vectors in G; for any v ∈ TxM, we denote by PG(v) the orthogonal projection
of v to G.
In loose terms, C(x, E, n) describes the weakest contraction rate in the direc-
tions transverse to E for a typical iteration of length n starting from x; D(x, E, n)
describes the strongest contraction ( or the weakest expansion ) in E for a typical
iteration of length n starting from x.
DEFINITION 8. Given any IFS { fi}
m
i=1 ⊂ Diff
1(M), an integer b ∈ [1, d− 1], if there
exists an integer n0 ≥ 1, real numbers κ1 > 0, κ2 ∈ (−∞, κ1) such that for any
x ∈ M, any (d− b)−subspace E ⊂ TxM, we have
1
n0
C(x, E, n0) < −κ1,(3.1)
1
n0
D(x, E, n0) > −κ2.(3.2)
Then we say that { fi}
m
i=1 is (n0, κ1, κ2, b)−uniform.
If there exists b ∈ [1, d − 1] such that { fi}
m
i=1 is (n0, κ1, κ2, b)−uniform then
we say that { fi}
m
i=1 is (n0, κ1, κ2)−uniform. By definition, it is clear that being
(n0, κ1, κ2)−uniform is a C
1 open property.
The following is the main result of this section.
PROPOSITION 2. Let ǫ > 0 be fixed, as well as an integer m ≥ 2. Let { fi}
m
i=1 ⊂
Diff1+ǫ(M, µ) be an IFS that is (n0, κ1, κ2)−uniform for some integer n0 ≥ 1, real num-
bers κ1 > 0, κ2 ∈ (−∞, κ1). Then any { fi}
m
i=1−invariant closed set K strictly contained
in M satisfies µ(K) = 0. In particular, { fi}
m
i=1 is transitive.
The proof of Proposition 2 is divided into two parts, contained in the next two
Subsections. We will give the proof of Proposition 2 at the end of Subsection 3.3.
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3.2. Stable manifolds with uniformly lower bounded size.
LEMMA 1. For any integers n0 ≥ 1, b ∈ [1, d− 1], real numbers κ1 > 0, κ2 ∈ (−∞, κ1),
for any IFS { fi}
m
i=1 that is (n0, κ1, κ2, b)−uniform, there exist C1, σ > 0, such that the
following is true. For any x ∈ M, any (d− b)−subspace E ⊂ TxM, any integer n ≥ 0,
we have
E( sup
v∈U(E⊥)
‖PD f nω(x,E)⊥(D f
n
ω(x, v))‖
σ) < C1e
−nσκ1 ,
E(( inf
v∈U(E)
‖D f nω(x, v)‖)
−σ) < C1e
nσκ2 .
Proof. The proof is similar to that of Lemma 4 in [8].
By our hypothesis, we have
sup
x∈M
E∈Gr(TxM,d−b)
E(log sup
v∈U(E⊥)
‖P
D f
n0
ω (x,E)⊥
(D f n0ω (x, v))‖) < −n0κ1.
Then by ex = 1+ x+O(x2) when x ∈ (−1, 1), for small σ > 0 ( depending on n0
and ‖ fi‖C1 , i = 1, · · · ,m ), we have
sup
x∈M
E∈Gr(TxM,d−b)
E( sup
v∈U(E⊥)
‖P
D f
n0
ω (x,E)⊥
(D f n0ω (x, v))‖
σ)
= 1+ σ sup
x∈M
E∈Gr(TxM,d−b)
E(log sup
v∈U(E⊥)
‖P
D f
n0
ω (x,E)⊥
(D f n0ω (x, v))‖) +O(σ
2).
Then by (3.1), when σ > 0 is sufficiently small, we have
sup
x∈M
E∈Gr(TxM,d−b)
E( sup
v∈U(E⊥)
‖P
D f
n0
ω (x,E)⊥
(D f n0ω (x, v))‖
σ) < e−σn0κ1 .
By submultiplicativity, for each integer k > 0 we have
sup
x∈M
E∈Gr(TxM,d−b)
E( sup
v∈U(E⊥)
‖P
D f
ln0
ω (x,E)⊥
(D f kn0ω (x, v))‖
σ) < e−σkn0κ1 .
Then for some large constant C1, for all n ∈ N we have
sup
x∈M
E∈Gr(TxM,d−b)
E( sup
v∈U(E⊥)
‖PD f nω(x,E)⊥(D f
n
ω(x, v))‖
σ) < C1e
−σnκ1 .
This proves the first inequality. The second inequality follows from a similar ar-
gument. 
In order to state ourmain proposition properly, wewill have to quantify transver-
sality between linear subspaces and curves on the manifold.
DEFINITION 9. Given any x ∈ M, for any real numbers l, ρ > 0 , a C1 curve S ⊂ M
through x is said to be (l, ρ)− good if the following holds:
(1) 10(l + lρ) is smaller than the injectivity radius of M and there exists a C1
function ψ : TxS(l) → (TxS)⊥, such that expx(graph(ψ)) ⊂ S , where TxS(l)
denotes the interval of radius l centered at the origin of TxS ;
(2) ψ(0) = 0 and ‖ψ‖C1 < ρ.
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Given any x ∈ M, any hyperplane E ⊂ TxM, for any l, ρ, α > 0, a C1 curve
S ⊂ M through x is said to be (l, ρ, α)−regularwith respect to E if S is (l, ρ)−good
and :
(3) The angle between TxS and E is not less than α.
We say that a subsetD ⊂ M containing x is (l, ρ, α)−regularwith respect to E if
there exists a C1 curve S ⊂ D that contains x, and is (l, ρ, θ)−regular with respect
to E.
The following proposition gives a useful property of a uniform IFS.
PROPOSITION 3. Let ǫ > 0 be fixed, as well as an integer m ≥ 2. Let { fi}
m
i=1 ⊂
Diff1+ǫ(M, µ) be an IFS that is (n0, κ1, κ2)−uniform for some integer n0 ≥ 1, real num-
bers κ1 > 0, κ2 ∈ (−∞, κ1). Then there exist l, ρ, θ > 0 such that for all x in a co-null
subset of M, for any hyperplane E ⊂ TxM, we have
P(W sω(x) is (l, ρ, θ)− regular with respect to E) >
1
2
.
Proof. By definition, { fi}
m
i=1 is (n0, κ1, κ2, b)−uniform for some integer b ∈ [1, d].
Let Ω = {1, · · · ,m}Z and let Λ0 ⊂ Ω×M be given by Theorem 5.
By applying Lemma 1 and Borel-Cantelli lemma, we see that: for all (ω, x) in a
co-null set in Λ0, the Lyapunov exponents are not all zero. Without loss of gener-
ality, we can assume thatW sω(x) are C
1−manifolds for all (ω, x) ∈ Λ0.
We claim that we can give a lower bound for the regularity of these stable man-
ifolds uniformly in (x, E) ∈ Gr(M, d− b) for x in a co-null set. For this purpose,
we first establish some a priori estimates.
LEMMA 2. For any (ω, x) ∈ Λ0, set γ(x), {V
(j)(ω, x)}
γ(x)
j=1 as in Theorem 5 , let
q ∈ [1, γ(x)] be the smallest integer such that dim∑
q
j=1V
(j)(ω, x) is at least b, and let
V−(ω, x) = ∑
q
j=1V
(j)(ω, x). Then for every x in a co-null set of M, for each subspace
E ⊂ TxM of dimension (d− b), we have
P(V−(ω, x)
⋂
E 6= {0}) = 0.
Moreover, dim(V−(ω, x)) = b for (P× µ)− a.e.(ω, x).
Proof. Assume to the contrary that there exists a positive measure set M0 ⊂ M
such that for every x ∈ M0, P − a.e.ω satisfy that (ω, x) ∈ Λ0, and there exists a
subspace E ⊂ TxM of dimension (d− b) such that P(V−(ω, x)
⋂
E 6= {0}) > 0.
We fix an arbitrary x ∈ M0. ForP− a.e.ω such that (ω, x) ∈ Λ0 andV
−(ω, x)
⋂
E 6=
{0}, for any v ∈ V−(ω, x)
⋂
E we have
lim
n→∞
1
n
log ‖D f nω(x, v)‖ ≤ λ
(q)(x).(3.3)
By the choice of q, let V′ := ∑
q−1
j=1 V
(j)(ω, x), we have dimV′ < b. Then V′ + E (
TxM. It is easy to choose a basis of V
′ + E, denoted by ξ1, · · · , ξℓ for some integer
1 ≤ ℓ < d, and vectors ξℓ+1, · · · , ξd, such that ξ1, · · · , ξd form a basis of TxM, and
satisfies that for each 1 ≤ i ≤ γ(x), the number of indexes j satisfying (2.1) equals
to dimVi(ω, x). Let u = ξr+1. By Theorem 5 (2), we have
lim
n→∞
1
n
log |∠(D f nω(x, u),D f
n
ω(x, E))| = 0.(3.4)
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By u /∈ V′, we have
lim
n→∞
1
n
log ‖PD f nω(x,E)⊥(D f
n
ω(x, u))‖ ≥ λ
(q)(x).(3.5)
Denote by Ω0 the set of events ω simultaneously realising (3.3) for some v ∈ E,
and (3.5) for some u /∈ E. Then we have
P(V−(ω, x)
⋂
E 6= {0}) ≤ P(Ω0).(3.6)
Moreover for any ω ∈ Ω0, we have
lim inf
n→∞
( sup
u∈U(E⊥)
1
n
log ‖PD f nω(x,E)⊥(D f
n
ω(x, u))‖ − inf
v∈U(E)
1
n
log ‖D f nω(x, v)‖) ≥ 0.
Claim. We have P(Ω0) = 0.
Proof. Assume to the contrary that P(Ω0) > 0. Let κ
′ = κ1−κ24 . Then for all suffi-
ciently large n, the following event of ω has probability at least 12P(Ω0) :
sup
u∈U(E⊥)
1
n
log ‖PD f nω(x,E)⊥(D f
n
ω(x, u))‖ − inf
v∈U(E)
1
n
log ‖D f nω(x, v)‖ > −κ
′.
Combined with Lemma 1 and Cauchy’s inequality, we obtain for all sufficiently
large n that
1
2
P(Ω0)e
− 12 nσκ
′
< E(( sup
v∈U(E⊥)
‖PD f nω(x,E)⊥(D f
n
ω(x, v))‖)
σ
2 ( inf
v∈U(E)
‖D f nω(x, v)‖)
− σ2 )
< E( sup
v∈U(E⊥)
‖PD f nω(x,E)⊥(D f
n
ω(x, v))‖
σ)
1
2 E(( inf
v∈U(E)
‖D f nω(x, v)‖)
−σ)
1
2
< C21e
−nσ
κ1−κ2
2
By letting n tend to infinity, we obtain a contradiction. This proves our claim. 
We obtain a contradiction by the above claim and (3.6). This concludes the
proof. 
By Lemma 2, we see that for x in a co-null set in M, for any E ⊂ TxM of dimen-
sion (d− b), we have dimV−(ω, x) = b and V−(ω, x)
⋂
E = {0} for P− a.e.ω.
Now we show that with large probability, the stable manifolds at x form good
angles with any given (d− b)−dimensional subspace.
LEMMA 3. There exist constants C0, β such that for all x in a co-null set in M, for any
E ⊂ TxM of dimension (d− b), for any ǫ > 0, we have
P(∠(E,V−(ω, x)) ≤ ǫ) ≤ C0ǫ
β
Proof. The proof of this lemma follows exactly that of Corollary 4(b) in [8]. The
push-forward of any graph of linear map from E to E⊥ under D f nω gets exponen-
tially close to that of E with large probability. By combining this with Lemma 2,
this shows that E forms small angle withV−(ω, x)with small probability. We refer
the readers to [8] for details. 
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We set V+(ω, x) = ⊕
γ(x)
j=q+1V
(j)(ω, x), where q ∈ [1, γ(x)] is given by Lemma 2.
By definition, it is clear that TxM is the direct sum of V
−(ω, x) and V+(ω, x). It is
a standard fact that V−(ω, x) depends only ω0,ω1, · · · and x; V
+(ω, x) depends
only ω−1,ω−2, · · · and x.
Now we define “Pesin events ”as follows. Take any constants κ¯1, κ¯2 such that
κ¯1 > 0 and κ2 < κ¯2 < κ¯1 < κ1. We set ǫ0 =
1
10 min(κ¯2 − κ2, κ1 − κ¯1). For any
constants C, ǫ > 0, set
∆C,ǫ(x) = {ω|‖D f
k,k+j
ω |V
−‖ ≤ Ceǫk−jκ¯1 , ‖D f
k,k−j
ω |V
+‖ ≤ Ceǫk+jκ¯2 ,
∠(V−(Tk(ω, x)),V+(Tk(ω, x))) ≥ C−1e−kǫ}.
We can give lower bounds for the probabilities of Pesin events. The following
is the analogue to Corollary 4(a),(c) of [8].
LEMMA 4. For each σ > 0, there exist C, ǫ > 0 such that for any x in a co-null set of M,
we have
P(∆C,ǫ(x)) > 1− σ.
Proof. By Lemma 3 and the fact that V−(Tk(ω, x)) depends only on ωk,ωk+1, · · ·
and Tk(ω, x) ; V+(Tk(ω, x)) depends only ωk−1,ωk−2, · · · and T
k(ω, x), we have
P(∠(V−(Tk(ω, x)),V+(Tk(ω, x))) ≤ C−1e−kǫ) ≤ C0C
−βe−kβǫ.
Summing up over k ≥ 1, we see that the probability of the events that violate the
last condition in the definition of ∆C,ǫ can be made arbitrarily small by making C
large.
For each k and j ≥ 1, for each event ω that violates the first condition for ∆C,ǫ,
i.e. ‖D f
k,k+j
ω |V
−‖ > Ceǫk−jκ¯1 , we claim that, conditioning on ω0, · · · ,ωk−1, for any
subspace E ⊂ Tf kω(x)M of dimension (d− b),
(1) either we have |∠(V−(Tk+j(ω, x)),D f
k,k+j
ω (x, E))| < C
− 12 e−(j+k)ǫ0;
(2) or there exists v ∈ U(E⊥) such that ‖P
D f
k,k+j
ω (x,E)⊥
(D f
k,k+j
ω (x, v))‖ >
1
10C
1
2 eǫk−(k+j)ǫ0−jκ¯1 .
Indeed, assume the first case fails, that is, |∠(V−(Tk+j(ω, x)),D f
k,k+j
ω (x, E))| ≥
C−
1
2 e−(j+k)ǫ0. We choose a unit vector u ∈ V−(Tk(ω, x)) such that ‖D f
k,k+j
ω (x, u)‖ ≥
Ceǫk−jκ¯1 . Then
‖P
D f
k,k+j
ω (x,E)⊥
(D f
k,k+j
ω (x, PE⊥(u)))‖
= ‖P
D f
k,k+j
ω (x,E)⊥
(D f
k,k+j
ω (x, u))‖
≥ Ceǫk−jκ¯1 | sin∠(V−(Tk+j(ω, x)),D f
k,k+j
ω (x, E))|
≥
2
π
Ceǫk−jκ¯1 |∠(V−(Tk+j(ω, x)),D f
k,k+j
ω (x, E))| >
1
10
C
1
2 eǫk−(k+j)ǫ0−jκ¯1 .
The second case is then verified for v =
P
E⊥
(u)
‖P
E⊥
(u)‖
.
Choose ǫ = 2ǫ0 and j ≥ n0. By Lemma 1, the probabilities of the events in
(1),(2) are bounded by C0C
− β2 e−(j+k)βǫ0 and 10C1C
− σ2 e−σ(k+j)ǫ0 respectively. Since
{e−σ(j+k)ǫ0 + e−(j+k)βǫ0}k≥1,j≥1 are summable, we see that the probabilities of the
events that violet the first condition for ∆C,ǫ can be made arbitrarily small by mak-
ing C large.
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For the second condition, we note that for each k ∈ N, 1 ≤ j ≤ k,V+(Tk−j(ω, x))
depends only on ωk−j−1,ωk−j−2, · · · . For each ω violating the second condition,
i.e. ‖D f
k,k−j
ω |V
+‖ > Ceǫk+jκ¯2 , we have infv∈V+(Tk−j(ω,x)) ‖D f
k−j,k
ω (v)‖ < C
−1e−ǫk−jκ¯2 .
By Lemma 1 for E = V+(Tk−j(ω, x)), we see that the probabilities of the events
that violate the second condition for k, j are bounded by C2C
−σe−σ(j+k)ǫ. Then by
the same reasoning, we canmake the probability of violating the second condition
arbitrarily small by making C large. This proves the lemma.

Now by the construction of stable manifolds in the theory of non-uniformly
partially hyperbolic systems, we get the following lemma.
LEMMA 5. For each C, ε > 0, there exist constants l, ρ > 0 such that for any x in a
co-null set of M, any ω ∈ ∆C,ε(x),W
s
ω(x) is (l, ρ)−good.
Proof. This is a consequence of Theorem 2.1.1 in [13]. 
Now Proposition 3 follows from Lemma 3, 4 and 5.

3.3. A criterion for metric transitivity. The following proposition is at the core of
this section.
PROPOSITION 4. Let ǫ > 0 be fixed, as well as an integer m ≥ 2. Let { fi}
m
i=1 be an IFS
consisted of diffeomorphisms in Diff1+ǫ(M, µ). If there exist l, ρ, θ > 0 such that for any
x in a co-null subset of M, for any hyperplane E ⊂ TxM, we have
P(W sω(x) is (l, ρ, θ)− regular with respect to E) >
1
2
.(3.7)
Then any invariant closed set for the IFS { fi}
m
i=1 having positive volume equals to M. In
particular, { fi}
m
i=1 is transitive.
Proof. Assume to the contrary that there exists a closed set Γ $ M that is invariant
under fi for all 1 ≤ i ≤ m, and µ(Γ) > 0. Denote Γ
′ the set of Lebesgue density
point of Γ. Since fi is nonsingular with respect to µ for all 1 ≤ i ≤ m, we have
fi(Γ
′) = Γ′ for all 1 ≤ i ≤ m. Thus replacing Γ by Γ′, we can assume that for any
x ∈ Γ, any open set U containing x, we have µ(Γ
⋂
U) > 0.
Take an arbitrary y ∈ M \ Γ that is within distance ̺in to Γ ( here ̺in is the
injectivity radius of M ), there exists x ∈ Γ such that dM(x, y) = infz∈Γ dM(z, y).
We define the sphere
Z = {x′ ∈ M|dM(x
′, y) = dM(x, y)}.
Let E ⊂ TxM be the hyperplane tangent to Z at x. Then there exists an open
neighbourhood of x, denoted by U, such that : for any z ∈ U, any curve C through
z that is (l, ρ, θ)− regular with respect to the hyperplane E′ ⊂ TzM, where E′ is
obtained from E through a local parallel translation, we have C
⋂
Γc 6= ∅ ( Since
some point in C has distance to y smaller than dM(x, y)).
Since fi preserves µ for all 1 ≤ i ≤ m, we know that for P − a.e. ω, the local
stable manifoldW sω,loc(x) is defined for µ− a.e. x, and depends measurably on x.
By Lusin’s theorem and the absolute continuity of the stable lamination, we can
find a set Ω0 ⊂ Ω such that
1. P(Ω0) >
9
10 ;
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2. For each ω ∈ Ω0, there exists Γω ⊂ Γ, such that :
(2.I) µ(Γ \ Γω) <
1
10µ(Γ
⋂
U);
(2.II) W sω,loc(z) is a C
1−manifold and depends continuously on z restricted to
z ∈ Γω ;
(2.III) For any z ∈ Γω, any open set V containing z, we have µ(Γω
⋂
V) > 0;
(2.IV) Γω ⊂
⋃d−1
k=1 Γk. For any 1 ≤ k ≤ d− 1, Γω
⋂
Γk is a closed set andW
s
ω,loc
restricted to Γω
⋂
Γk is an absolutely continous lamination. Here Γk is defined in
(2.3).
We claim that there exists z ∈ Γ
⋂
U such that
P(z ∈ Γω) >
3
4
.(3.8)
Indeed, we denote µ = 1
µ(Γ
⋂
U)
µ|Γ
⋂
U the normalised volume form restricted to
Γ
⋂
U ( this is well-defined because µ(Γ
⋂
U) > 0), then
(P× µ){(ω, z)|z ∈ Γω} ≥ P(Ω0)×
9
10
>
3
4
.(3.9)
By Fubini’s theorem, there exists z ∈ Γ
⋂
U that satisfies (3.8).
From the hypothesis of the proposition, we can assume without loss of gener-
ality that
P(W sω(z) is (l, ρ, θ)−regular with respect to E
′) >
1
2
.
where E′ ⊂ TzM is obtained from E through a local parallel translation. Then by
(3.9),
P(z ∈ Γω
⋂
U,W sω(z) is (l, ρ, θ)− regular with respect to E
′) >
1
4
.
By the choice of U, we see that
P(z ∈ Γω
⋂
U,W sω(z)
⋂
Γc 6= ∅) >
1
4
.
By (2.IV), we can assume that z ∈ Γω
⋂
Γk for some 1 ≤ k ≤ d − 1. By (2.II), for
each ω ∈ Ω0 such that z ∈ Γω , there exists an open set Vω containing z such that:
for any z′ ∈ Vω
⋂
Γω
⋂
Γk,W
s
ω(z
′) is defined andW sω(z
′)
⋂
Γc 6= ∅.
We choose a local submanifold Q contained in Γc of dimension d− k through a
point inW sω,loc(z)
⋂
Γc, uniformly transverse to the laminationW sω,loc onVω
⋂
Γω
⋂
Γk.
By (2.II), after possibly reducing the size of Vω , we can assume thatW sω,loc(z
′)
transversally intersectsQ for all z′ ∈ Vω
⋂
Γω
⋂
Γk. By (2.III), we have µ(Vω
⋂
Γω
⋂
Γk) >
0.
By the absolute continuity of the laminationW sω,loc, there exists a set Q0 ⊂ Q of
positive submanifold volume such that any w ∈ Q0 belongs toW
s
ω,loc(z
′) for some
z′ ∈ Vω
⋂
Γω
⋂
Γk. The same is true for all submanifold Q
′ sufficiently close to Q,
that is, there exists a set Q′0 ⊂ Q
′ of positive submanifold volume such that any
w′ ∈ Q′0 belongs toW
s
ω,loc(z
′) for some z′ ∈ Vω
⋂
Γω
⋂
Γk.
Thus there exists a set Kω ⊂ Γc of positive volume such that for each w ∈ Kω,
there exists z′ ∈ Vω
⋂
Γω such that w ∈ W sω(z
′). Then
P(µ(w ∈ Γc|there exists z′ ∈ Γ such that w ∈ W sω(z
′)) > 0) > 0.
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By Fubini’s theorem, we have
µ(w ∈ Γc|P(there exists z′ ∈ Γ such that w ∈ W sω(z
′)) > 0) > 0.
Recall that P × µ is T−invariant. By Poincare´ reccurence theorem, for (P ×
µ) − a.e. (ω,w), the trajectory { f nω(w)}n∈N accumulates at w. Then there exist
w ∈ Γc, z′ ∈ Γ, such that w ∈ W sω(z
′) and lim infn→∞ d(w, f nω(w)) = 0. Then
lim infn→∞ d(w, f nω(z
′)) = 0. This gives a contradiction since f nω(z
′) ∈ Γ for all n
and dM(w, Γ) > 0. 
We are now ready to prove Proposition 2.
Proof of Proposition 2 : By combining Proposition 3 and 4. 
4. TRANSVERSALITY AND GROWTH
In this section, we show how to verify conditions in Proposition 2 under the
presence of a uniformly dominated splitting. The content of this section is only
used to prove Theorem 4.
Recall that M is a smooth compact Riemannian manifold of dimension d.
DEFINITION 10. Given any integer m ≥ 2,1 ≤ ℓ ≤ d− 1, real number η > 0. A
continous ℓ−subspace distribution P is a continuous function from M to Gr(M, ℓ),
assigning each point x ∈ M to P(x) ∈ Gr(TxM, ℓ). We say a set of diffeomor-
phisms { fi}
m
i=1 is η−nontransverse to P if the following holds: for any x ∈ M, any
E ∈ Gr(TxM, d− ℓ), we have
#{i| D fi(x, E) is transverse to P( fi(x)) } > (1− η)m.
Proposition 4 can be combined with the following proposition to construct tran-
sitive IFS.
PROPOSITION 5. Given ǫ > 0, integer b ∈ [1, d− 1] and g ∈ Diff1+ǫ(M, µ) having a
uniformly dominated splitting TM = E1 ⊕ E2 with dim(E1) = b. Let χ¯1 < 0, χˆ1 satisfy
(2.7) and (2.8) for g in place of f . Take any χˆ > ‖ f‖C1 . Then for any
η ∈ (0,
1
8
min(
χˆ1 − χ¯1
χˆ− χ¯1
,
−χ¯1
χˆ− χ¯1
,
χˆ1 − χ¯1
χˆ+ χˆ1
,
−χ¯1
χˆ+ χˆ1
))(4.1)
for any integer L > 0, any set of diffeomorphisms {h1, · · · , hL} ⊂ Diff
1+ǫ(M, µ) which
is η−nontransverse to E1, there exist integers K, n0 ≥ 1, real numbers κ1 > 0, κ2 ∈
(−∞, κ1) such that IFS {g
Khi}
L
i=1 is (n0, κ1, κ2, b)− uniform.
Proof. By (2.7) and (2.8) in Definition 5, we have
ξ :=
1
2
min((χˆ1 − χ¯1),−χ¯1) > 0
and
sup
v∈E1\{0}
‖Dg(v)‖
‖v‖
< eχ¯1 < eχˆ1 < inf
u∈E2\{0}
‖Dg(u)‖
‖u‖
.
We set
A = sup
1≤i≤L
(‖hi‖C1 , ‖h
−1
i ‖C1 ).(4.2)
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By η−nontransverse hypothesis and the compactness of M, there exists a con-
stant τ > 0 such that for any x ∈ M, any E ∈ Gr(TxM, d− b), we have
#{i| ∠(Dhi(x, E), E1(hi(x))) > τ} > (1− η)L.(4.3)
We claim that there exists Cτ > 0 such that for any x ∈ M, any E ∈ Gr(TxM, d−
b) satisfying ∠(E, E1(x)) > τ, for any integer q ≥ 1 we have
sup
v∈U(E⊥)
‖P(Dgq(x,E))⊥(Dg
q(x, v))‖ ≤ Cτe
qχ¯1 .(4.4)
Indeed, there exists a unique pair (u1, u2) ∈ E1(x)× E such that v = u1 + u2. By
v ∈ U(E⊥) and ∠(E, E1(x)) ∈ (τ,
π
2 ], we have ‖u1‖ = (sin∠(u1, v))
−1 ≤ π2 τ
−1.
Then
‖P(Dgq(x,E))⊥(Dg
q(x, v))‖ = ‖P(Dgq(x,E))⊥(Dg
q(x, u1))‖
≤ ‖Dgq(x, u1)‖ ≤
π
2
τ−1eqχ¯1 .
We obtain (4.4) for Cτ =
π
2 τ
−1.
Denote by h(i) = g
Khi for 1 ≤ i ≤ L, where K is a large integer whose value will
be determined depending solely on η, ξ,Cτ and g.
Given l ≥ 1, (is)ls=1 ∈ {1, · · · , L}
l , we denote
f (i1, · · · , il) := h(il) · · · h(i1) = g
Khil · · · g
Khi1.
For any infinite sequence ω = (ik)k∈N ∈ {1, · · · , L}
N , any n ≥ 1, we denote
f nω = f (i1, · · · , in).
It is clear that we have
f n+1ω = g
Khin+1 f
n
ω.(4.5)
To show that for some K > 0, the IFS associated with {gKhi|1 ≤ i ≤ L} is
(n0, κ1, κ2, b)− uniform for some n0, κ1 > 0, κ2 ∈ (−∞, κ1), it is enough to show
that: for sufficiently large K > 0, there exist κ1 > 0, κ2 ∈ (−∞, κ1) such that for
any x ∈ M, any E ∈ Gr(TxM, d− b), any n ≥ 1, we have
C(x, E, n+ 1)− C(x, E, n) < −κ1,(4.6)
D(x, E, n+ 1)− D(x, E, n) > −κ2.(4.7)
Given any K > 0, we set κ1 = K(−χ¯1 −
1
3ξ). We will detail the proof of the
first inequality, the second one with κ2 = −K(χˆ1 −
1
3ξ) follows from a similar
argument. We clearly have κ1 > 0 and κ2 < κ1.
By conditioning on the first n−iterations, the inequality (4.6) is reduced to the
following : there exists K0 > 0, such that for any K ≥ K0, for any x ∈ M, any
E ∈ Gr(TxM, d− b), any n ≥ 1, any (ik)
n
k=1, the following is true :
J
:= E(log sup
v∈U(E⊥)
‖P
D f n+1ω (x,E)⊥
(D f n+1ω (x, v))‖ − log sup
v∈U(E⊥)
‖PD f nω(x,E)⊥(D f
n
ω(x, v))‖
|ωk = ik for 1 ≤ k ≤ n) < −κ1.(4.8)
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For any 1 ≤ j ≤ L, we set
Jj
:= E(log sup
v∈U(E⊥)
‖P
D f n+1ω (x,E)⊥
(D f n+1ω (x, v))‖ − log sup
v∈U(E⊥)
‖PD f nω(x,E)⊥(D f
n
ω(x, v))‖
|ωk = ik, ∀k ∈ [1, n],ωn+1 = j).
Then we have J = 1L ∑
L
j=1 Jj.
By (4.5), for each 1 ≤ j ≤ L we have
Jj
≤ E(log sup
v∈U(E⊥)
‖P
D f n+1ω (x,E)⊥
(D f n+1ω (x, v))‖
‖PD f nω(x,E)⊥(D f
n
ω(x, v))‖
|ωk = ik, ∀k ∈ [1, n],ωn+1 = j)
≤ E(log sup
v∈U(D f nω(x,E)⊥)
‖P
D f n+1ω (x,E)⊥
(DgKDhj( f
n
ω(x), v))‖|ωk = ik, ∀k ∈ [1, n],ωn+1 = j).
For any x′ ∈ M, any E′ ∈ Gr(Tx′M, d− b), any j ∈ {1, · · · , L}, we set
J(j; x′, E′) = log sup
v∈U(E′⊥)
‖P(DgKDh j(x′,E′))⊥(Dg
KDhj(x
′, v))‖.(4.9)
Then by (4.5), (4.9) and the fact that f nω(x) andD f
n
ω(x, E) depend only on (ωk)
n
k=1
but not on ωn+1, we have
J ≤ sup
x′∈M
E′∈Gr(Tx′M,d−b)
1
L
L
∑
j=1
J(j; x′, E′).(4.10)
By the hypothesis that the set of diffeomorphisms {h1, · · · , hL} is η−nontransverse
to E1, for any x
′ ∈ M, any E′ ∈ Gr(Tx′M, d− b), there are more than (1− η)L in-
dexes j such that ∠(Dhj(x
′, E′), E1(hj(x
′))) > τ. For any such j, by (4.4), we have
sup
v∈U(E′⊥)
‖P(DgKDh j(x′,E′))⊥(Dg
KDhj(x
′, v))‖
≤ sup
u∈U(Dh j(x′,E′)⊥)
‖P(DgKDh j(x′,E′))⊥(Dg
K(hj(x
′), u))‖ sup
v∈U(E′⊥)
‖PDh j(x′,E′)⊥(Dhj(x
′, v))‖
≤ ACτe
Kχ¯1 .
(4.11)
For all 1 ≤ j ≤ L, we have the trivial bound
sup
v∈U(E′⊥)
‖(P(DgKDh j(x′,E′))⊥(Dg
KDhj(x
′, v))‖ ≤ eKχˆA.(4.12)
Thus by (4.12), (4.11), (4.10) for any x′ ∈ M, any E′ ∈ Gr(Tx′M, d− b), we have
J ≤
1
L
L
∑
j=1
J(j; x′, E′) ≤ ηKχˆ+ (1− η)(Kχ¯1 + logCτ) + log A.(4.13)
By (4.1), we have η < ξ
4(χˆ−χ¯1)
, thus
J ≤ (χ¯1 +
1
4
ξ)K+ (1− η) logCτ + log A.
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By letting K0 to be sufficiently large depending on χˆ1, χ¯1,Cτ, A, for any K ≥ K0,
we get (4.8) for
κ1 = K(−χ¯1 −
1
3
ξ) > 0.
This completes the proof. 
5. PROOF OF THE MAIN THEOREMS
Proof of Theorem 3 : In the proof of [8] Section 10, Corollary 4, the authors showed
that under the hypothesis of Theorem 3, either { fα} is (n0, κ1, κ2)−uniform for
some n0, κ1 > 0, κ2 ∈ (−∞, κ1), in which case the transitivity follows from Propo-
sition 2; or { fα}α are simultaneously conjugate to rotations close to the original
ones, in which case we have ergodicity ( see [8] ), and hence transitivity.
More precisely, by letting r = j = d in (45) in the proof of Corollary 4 (a) in
[8], we verify the (n0, κ1, κ2, b)−uniformity condition for b = 1, κ1 = λ1 − ε, κ2 =
d−3
d−1λ1 + ε, sufficiently small ε and sufficiently large n0. 
Proof of Theorem 4 : Let TM = E1 ⊕ E2 be the uniformly dominated splitting given
by the theorem, with dim(E1) = d − ℓ for some integer ℓ ∈ {1, · · · , d − 1}. Let
χ¯1, χˆ1 satisfy (2.7) and (2.8) for g in place of f , and let χˆ > log ‖g‖C1 .
We set
dℓ := dimGr(M, ℓ) = d+ ℓ(d− ℓ).
To simplify notations, we denote the metrics dM, dGr(M,ℓ) both by d. This should
cause no confusions.
Without loss of generality, we assume that the map x 7→ E1(x) is θ−Ho¨lder, for
otherwise we can consider g−1 instead of g.
By Proposition 2, it suffices to show that there exists an integer L0 > 0 such that
for any L ≥ L0, for any L-tuple ( f1, · · · , fL) in a C
r dense subset of Diffr(M, µ)L,
{ fi}
L
i=1 is η−nontransverse, where η is any constant given by Proposition 5 with
g given by the theorem. To prove this, we first construct a finite set of divergence-
free vector fields {Vα}α∈A on M such that the following is true. There exists a con-
stant κ > 0, such that for any (x, E) ∈ Gr(M, ℓ), there exists a subset {α1, · · · , αdℓ} ⊂
A, such that
|det[(Vαi (x),DVαi(x, ·|E))
dℓ
i=1]| > κ.(5.1)
For the notation DVαi(x, ·|E) we recall (2.6) in Definition 4. Such {Vα}α∈A exists
by d ≥ 2.
For any B = (B(i))Li=1 ∈ R
L|A|, where B(i) = (B
(i)
α )α∈A ∈ R
|A|, we define
V(i)(B, x) = ∑
α∈A
B
(i)
α Vα(x).
We denote by H
(i)
α = (B
(j))1≤j≤L ∈ R
L|A| where B(j) = δj=i(δα=β)β∈A ∈ R
A for
any 1 ≤ j ≤ L. Here δj=i, δα=β are Kronecker delta functions. For each B ∈ R
L|A|,
we define a L−tuple denoted by ( fi(B))
L
i=1 ⊂ Diff
r(M, µ) as follows,
fi(B, x) = Ψ(V
(i)(B, ·), 1) fi(x), 1 ≤ i ≤ L.
Recall that Ψ is defined in Definition 4.
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By definition, we know that fi(0, ·) = fi, ∀1 ≤ i ≤ L. We will show that there
exists arbitrarily small B ∈ RL|A| such that { fi(B, ·)}
L
i=1 is η−nontransverse.
For any (x, E) ∈ Gr(M, ℓ), we can construct a map as follows.
Φx,E : D1 → Gr(M, ℓ)
L
Φx,E(B) = (G( fi(B, ·))(x, E))
L
i=1.
Here D1 denotes the unit disk in R
L|A|.
Take any (y, F) ∈ Gr(M, ℓ), for any 1 ≤ i ≤ L, let {α
(i)
1 , · · · , α
(i)
dℓ
} ⊂ A be
the indexes satisfying (5.1) for (x, E) = G( fi)(y, F). By differentiating Φy,F at the
origin, we obtain
D
α
(i)
j
Φy,F(0) = ((Vα(i)j
(x),DV
α
(i)
j
(x, ·|E)δi=k)
L
k=1.(5.2)
We set P = ∑1≤i≤L,1≤j≤dℓ RH
(i)
α
(i)
j
. Then by (5.2) (5.1), we can see that
|det(DΦy,F(0) : P→
L
∏
k=1
TG( fk)(y,F)Gr(M, ℓ))| > κ
L.
Since r ≥ 2, Φx,E(B) is C
1 in x, E, B. By equicontinuity of DΦy,F(B) in y, F, B, we
see that there exists a constant ǫ > 0, κ0 > 0 such that Φy,F : B(0, ǫ)→ Gr(M, ℓ)
L is
a submersion for all (y, F) ∈ Gr(M, ℓ), and for any (B, y, F) ∈ B(0, ǫ)× Gr(M, ℓ),
there exists a linear subspace P′ ⊂ RL|A| of dimension Ldℓ, such that
|det(DΦy,F(B)|P′)| > κ0.(5.3)
Let D = B(0, ǫ).
We define the following subsets of Gr(M, ℓ) and Gr(M, ℓ)L.
Σ0 = {(x, E) ∈ Gr(M, ℓ)|E is not transverse to E1(x)},
Σ = {(xi, Ei)Li=1 ∈ Gr(M, ℓ)
L|#{i|(xi, Ei) ∈ Σ0} ≥ ηL}.
Then for any B ∈ D, { fi(B, ·)}
L
i=1 is η−nontransverse if and only if
Φx,E(B) /∈ Σ, ∀(x, E) ∈ Gr(M, ℓ).(5.4)
Let β > 0 and let δ > 0 be a sufficiently small real number, we let Nδ be a
δ1+β−net in Gr(M, ℓ). Then we have Nδ < δ
−dℓ(1+β)−β for sufficiently small δ.
We set
Ωδ = D
⋂
(
⋃
(x,E)∈Nδ
(Φx,E)
−1(Σδ)),(5.5)
where Σδ is the δ−neighbourhood of Σ in Gr(M, ℓ)
L. We claim that for any suffi-
ciently large L and any sufficiently small β the following holds:
(1) The measure of Ωδ tends to 0 as δ tends to 0;
(2) For any sufficiently small δ, any B ∈ D \Ωδ, we have (5.4).
This will conclude the proof since for any ε > 0, by taking δ > 0 sufficiently
small, we can find B ∈ D \Ωδ such that dCr( fi(B, ·), fi) < ε for all 1 ≤ i ≤ L. By
(2), { fi(B, ·)}
L
i=1 is η−nontransverse with respect to E1. Since V(B, ·) is divergence
free, fi(B, ·) ∈ Diff
r(M, µ) for all 1 ≤ i ≤ L. Then by Proposition 2, the IFS
{g, f1(B, ·), · · · , fL(B, ·)} is transitive.
To see (1), we first show the following lemma.
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LEMMA 6. We have HD(Σ0) < dℓ.
Proof. Recall that the map x 7→ E1(x) is θ−Ho¨lder. Take any β
′ ∈ (θ−1, d+1d ).
For small δ > 0, we choose a δβ
′
−net in M, denoted by M such that #M =
O(δ−dβ
′
). For each x ∈ M, the subset of Gr(TxM, ℓ) defined as A(x) = {E ∈
Gr(TxM, ℓ)|E is not transverse to E1(x)} has dimension ℓ(d − ℓ) − 1. Thus A(x)
can be covered by O(δ−ℓ(d−ℓ)+1) many δ−balls. For each y ∈ M, there exists
x ∈ M such that d(x, y) < δβ
′
, thus d((x, E1(x)), (y, E1(y))) . δ
θβ′ . Since θβ′ > 1,
when δ′ is sufficiently small, we can choose E , a subset of
⋃
x∈M A(x), such that :
1. #E = O(δ−dβ
′−ℓ(d−ℓ)+1); 2. E forms a 2δ−net in Σ0. By the choice of β
′, we see
that dβ′ − 1+ ℓ(d− ℓ) < d+ ℓ(d− ℓ) = dℓ. Since δ can be arbitrarily small, this
implies that HD(Σ0) < dl . 
Let ξ > 0 be a real number such that HD(Σ0) < dℓ − ξ. Then we have
HD(Σ) ≤ ηLHD(Σ0) + (L− ηL)dℓ < Ldℓ − ηLξ.
Take an arbitrary constant β > 0. Then it is a classical fact that there exists a
constant C1 = C1(Σ, β) > 0 such that the volume of Σδ satisfies
|Σδ| < C1δ
ηLξ−β.
Then by (5.3), we see that there exists C2 = C2(C1, κ0) such that,
|(Φx,E)
−1(Σδ)| < C2δ
ηLξ−β.
Then by (5.5), there exists C3 = C3(C2, β) such that
|Ωδ| < C3δ
−dℓ(1+β)−β+ηLξ−β(5.6)
Then by letting L > η−1ξ−1dl and β sufficiently small, we can see that |Ωδ| → 0
as δ→ 0. This proves (1).
To see (2), we take an abitrary (x, E) ∈ Gr(M, ℓ) and B ∈ D \Ωδ. Then there
exists (y, F) ∈ Nδ such that
d((x, E), (y, F)) < δ1+β.
Then by B /∈ Ωδ, we see that Φy,F(B) /∈ Σδ. We notice that by r ≥ 2, the function
G( fi(B, ·)) : Gr(M, ℓ) → Gr(M, ℓ) is C
1 with C1 norm uniformly bounded for all
1 ≤ i ≤ L and B ∈ D. Thus there exists C > 0 independent of the choices of
(x, E), (y, F) such that
d(Φx,E(B),Φy,F(B)) < Cd((x, E), (y, F)) < Cδ
1+β, ∀B ∈ D.
This implies that for all sufficiently small δ > 0, we have
d(Φx,E(B),Σ) > d(Φy,F(B),Σ)− d(Φx,E(B),Φy,F(B)) ≥ δ− Cδ
1+β
> 0.
This concludes the proof of (2), and thus concludes the proof of Theorem 4.

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